ABSTRACT. This paper is concerned with the motion of an unconfined finite mass of granular material down an inclined plane when released from a rest position in the shape of a circular or elliptical paraboloid. The granular mass is treated as a frictional Coulomb-like continuum with a constant angle of internal friction. The basal friction force is assumed to be composed of a Coulomb-type component with a bed-friction angle that is position-dependent and a viscous Voellmy-type resistive stress that is proportional to the velocity squared . The model equations are those of Hutter and others (in press b ) and form a spatially two-dimensional set for the evolution of the avalanche height and the depth averaged in-plane velocity components; they hold for a motion of a granular mass along a plane surface.
INTRODUCTION
This paper-the second in a sequence of the study of the behaviour of the motion of a finite mass of granular mass subject to Coulomb and Voellmy-type resistive drag -is thought to be a further contribution to the understanding of the dynamics of flow avalanches, which have a negligible air-borne powder-snow contribution. It is intended to extend the work of Hutter and Savage and co-workers and, in particular, that of Hutter and Nohguchi (1990) and aims at an improved description of the classical Voellmy ( 1955) , Salm (1968 ) and Perla and others (1980 ) models. Martinelli (1979) , others ( 1987,1988) , Perla and Martinelli (1978) , Perla and others (1980) , Salm (1966 Salm ( , 1968 , Hutter ( 1989, 1991 ) , Savage and Nohguchi (1988 ) , Scheiwiller ( 1986) , Scheiwiller and Hutter ( 1982) , Scheiwiller and others ( 1987 ) , TochonDanguy (1977 ) , Tochon-Danguy and Hopfinger (1975 ) , Vi1a ( 1987) , Voellmy ( 1955 ) , and others. All these works deal in one way or another with the mathematical formulation of the model equations of such catastrophic motions, their integration and, if possible, their verification against laboratory and field observations. against which theoretical models can be tested, are still very limited but it is known that the classical theoretical formulations (Voellmy, 1955; Salm, 1966 Salm, , 1968 Perla and Martinelli, 1978) were known to be oversimplified. Run-out distances and deposition areas cannot be sufficiently accurately predicted by these models. Reasons for these inadequacies must probably be sought in (i) the difficulties of parameter identification and in (ii) an insufficient resolution of the physics (rheological properties, sliding conditions), and of the geometry of the moving avalanche.
In this paper, our aim is not so much in a demonstration that our model will do better than the classical ones when compared with observations. For chute flows this has been demonstrated by Hutter andKoch (1991 ) , Greve and Hutter (1993) and Hutter and others (in press ) . Here we take our new model, which is the first to our knowledge that describes the twodimensional motion of the moving surface, and construct particular solutions in semi-analytical form. These solutions have diagnostic value insofar as they permit parameter studies and thereby inform us about the performance of the model; this provides physical insight.
We use the governing equations of Hutter and others (in press ). These were derived from the three-dimensional balance laws of mass and momentum of an incompressible continuum obeying a Coulomb-friction law. The equations emerged from depth-averaging of three-dimensional equations and incorporate a bed-friction law that is composed of a Coulomb-type and a Voellmy-type viscous contribution. V\'e assume the angle of internal friction is constant but allows the bed-friction angle to vary with position. It is at this point where our model provides the necessary flexibility sought by the avalanche practitioners .
Conceptually, it may be of advantage if the equations governing the motion of the moving mass are decomposed into those governing the motion of the centre of mass and those describing the deformation. For the equations of Hutter and others (in press b), this decomposition is not possible in general, but when the effect of the Voellmy drag on the deformation of the moving pile is ignored, then this decomposition describes the complete motion very accurately. The decomposition is the basis for the construction of similarity solutions. Such solutions have previously been constructed for the one-dimensional chute-flow situation (Savage and Nohguchi, 1988; Nohguchi and others, 1989; Savage and Hutter, 1989; Hutter and Nohguchi, 1990) ; they have the property of permanent shape. In the spatially two-dimensional situation of unconfined flow, a similarity solution means that the (mathematical) structure of the shape is preserved but its aspect ratio may still change.
We show that a finite mass of gravel that starts from rest in the form of a circular or elliptical parabola will maintain its elliptical-paraboloidal shape. We derive the governing equations for the position and velocity of its centre of mass and the evolution of the semi-axis of the ellipse. These are non-linear ordinary differential equations which must be solved numerically.
In general, the motion of the centre of mass and the evolution of the deformation of the pile are coupled and separate only in special cases. We construct numerical 358 solutions with the Runge-Kutta technique and analyze the performance of the model when the inclination angle of the plane, the initial depth to length ratio, the bedfriction angle and the Voellmy drag coefficient are varied. Solutions are discussed in detail.
GOVERNING EQUATIONS
Consider free surface flow of a granular material down a slowly varying topography. Identify the mean plane surface of this topography with a plane that is parallel to the xy-plane of a three-dimensional Cartesian coordinate system. Let the x-coordinate follow the direction of steepest descent, the y-coordinate the horizontal lines and let the z-coordinate be perpendicular to these (see Fig. 1 ) . Thus, the z-axis will be inclined with respect to the vertical by the angle (. The bottom and free surface of the moving mass will be defined by z = b(x, y) and z = f(x, y, t), respectively; the margin curve is therefore given by the condition f -b = O. The space within o ~ z -b ::; f -b = h is filled with a granular material, which is assumed to be treatable as a fluid-like continuum. This supposes that the thickness, h = f -b, of the sliding and deforming body extends over several particle diameters. We accept the fact that this condition cannot be satisfied close to the margin.
The granular continuum is regarded as incompressible, an assumption one may debate about, but this condition is sufficiently satisfied in the entire space filled by the granular material except in a very thin fluidized layer close to the bottom. This layer will be absorbed into a sliding condition.
Balance laws of mass and momentum are
in which u, p, p, g are the velocity vector, constant density, pressure tensor and gravity vector. In the coordinates of Figure I we have g = g(sin (, 0, -cos ().
(2.2)
Boundary conditions have to be formulated at the free surface and the base, and comprise kinematic and where n is the unit-normal vector. At the base the tangency condition for the velocity must be fulfilled . With
We regard the material as a cohesionless granular body obeying a Mohr-Coulomb yield criterion with a constant internal friction angle. This states that yielding will occur on a plane element when
where Sand N are, respectively, the shear and normal stress acting on the element. By contrast, at the basal surface, the friction law is assumed to consist of two components S = Se + Sy.
The first is a Coulomb-type dry-friction law, where Sand N are now related by Hutter and others (in press b) have motivated a reduction of the initial boundary-value problem outlined above. It is not our goal here to repeat this derivation; in short, the intention is not to determine the three-dimensional distribution of the velocity field, but only depth averages of this vector field. As a result, the spatially threedimensional problem is reduced by one spatial dimension and therefore becomes much simpler. In the derivation of the simplified equations Hutter and others (in press b ) introduced the Cartesian coordinates of Figure I and wrote the previous equations in dimensionless form by introducing the following scales: (x*, y*, to) , b*(x*, y*)), (u, v, w) 
In view of the dominant downward motion, we expect one principal axis of strain rate to be very nearly the xzplane. The stress P;x can then easily be related to P;z with the aid of the Mohr-Coulomb yield circle (see Fig. 2 ), so that (2.14) 
EQUATIONS GOVERNING THE CENTRE OF MASS MOTION AND THE DEFORMATION

SYInbolic forDl of the field equations
Equations (2.16) are now separated into two sets of equations, one governing the motion of the centre of mass, the other describing the deformation or the deviation from the rigid-body motion. To this end, we write them as
Here, the vector and tensor quantities and the corresponding operators are two-dimensional. In particular, ( hu2 hUV)
and v = (u, v) , while e is the unit vector
in which T denotes transposition.
Equations describing the centre of !nass
!notion
Let A(t) be the domain in the (x , y) space that is, at time t, covered by the avalanching mass; let, further, aA(t) be its boundary (margin). Then integrate Equation (3 .1)1 over A, so that
By using Gauss's theorem in the second term and Reynolds' transport theorem in the first,
where n is the exterior unit vector normal to aA,
(3.6)
In other words, the total volume of the avalanche is conserved. Because of incompressibility, this is tantamount to the conservation of mass. In much the same way, the momentum Equation (3.1)2 may be transformed. The computations are straight-forward and the results are :t11 hvda = e 11 Ahda + 11 (divB) ~2 da (3.7)
In the derivation of Equation (3.7 ), the divergence theorem has been employed at various places, and the boundary condition that h vanishes along aA has been invoked. Furthermore, Reynolds' transport theorem has been employed. Equation (3.7 ) is the expression of global momentum balance. We now define averaged field quantities as follows (3.8) fi is the depth averaged over the pile volume, Vc the velocity of the centre of mass. The averages of the other quantities are formal means which will further be reduced below. Note, however, that owing to definition (3.2h, B
is a vector with the components -2 {flOBh2 flaDh2 }T
where Band D are defined in Equation (2.17). With the definitions (3.8), Equation (3.7) takes the form
We next assume geometric and dynamic symmetry of the avalanche with respect to the x-axis of Figure I that is in the direction of steepest descent,
(3.11)
Then Equation (3.8h implies Vc == 0 for all times, and the second component of Equation (3.10) is satisfied if, for
In view of Equation (3.9), the last of these requires D to be symmetric,
Going back to the original definitions (2.17 ) of the coefficients C, D and E , it is seen that the requirements (3.12) presuppose the friction angles 4J, 8 and the Voellmy coefficient E to be symmetrically distributed . This is what we shall assume. In the above Equation (3.10), Vc is the centre of mass velocity whose position, Xc, is given by (3.13)
It can be determined by integrating the equation of motion
It is not difficult to show that Equation (3.14) IS In conformity with Equation (3.8)2 ' Indeed,
in the second to last step use has been made of Equation (3.4). Clearly, because of the symmetry assumptions Equations (3.11 ) and (3.12) , only one component of Equation (3.14) is non-trivial, namely dXe _ cit=u e (3.15)
while dYc/dt = 0, since Vc == O.
D eforntation equations
Having defined the centre of mass motion through Equations (3.10) and (3.14), we now proceed to the derivation of the deformation equation. To this end, it is convenient to define the new independent variables
from which one obtains 0 0 0 0 0 0 0
Introducing the difference velocity 
The first two equations correspond to the classical Voellmy model in which the resistive force on a moving mass of snow is composed of a dry Coulomb drag and a viscous drag that is proportional to the squared velocity. These two equations are equivalent to Equations (3. 10) and (3. 14) and thus give the Voellmy model (and its equivalents due to Salm, McClung and others) a clear interpretation. However, Equations (3.21) go beyond this simple modeL The remaining Equations (3.21 ) describe for a restricted class of pile geometry also the deformation of the avalanche. The two sets of the equations are coupled; consequently they cannot, in general, be integrated independently.
Several effects influence the spreading of the avalanche pile. In the downhill direction B(oh/ox) contributes to a dilatation as oh/ox> 0 « 0) in front of (behind) the centre of gravity. The drag forces, on the other hand, contribute to a contraction; interestingly, only the viscous drag, but not the Coulomb friction force contributes to this contraction. Sidewise spreading is enhanced by the term D(8hj8TJ) and is reduced by the friction forces; here both viscous and Coulomb-type friction contribute.
SIMILARITY SOLUTIONS
Theoretical considerations
We follow a procedure much the same as in Hutter and others (in press b ) and will now establish the governing equations for the longitudinal and sidewise spreading rates. More explicitly, we will derive similarity solutions for a granular pile with elliptical shape in plan view and parabolic distribution of the height. Strictly speaking, such similarity solutions do not exist for the model considered here; however, the reduced Equations (3.21 ) with the particular assumptions that were invoked to obtain them do permit existence of such similarity solutions. Similarity solutions were previously constructed, for chute flows along a plane bed by Savage and Hutter (1989) and for chute flows along curved beds by Savage and N ohguchi (1988) . The effect of variable friction and of a Voellmy resistive drag were then analyzed by Nohguchi and others (1989) and Hutter and Nohguchi ( 1990) . The first analysis of an unconfined flow along an inclined bed by Hutter and others (in press b) contained a study of similarity solutions in which the Coulomb friction angles 1J and {j were both kept constant and the Voellmy term was ignored. Here we generalize their solution.
We anticipate a solution in which the shape and difference velocity distributions are preserved, and the profiles are merely stretched or compressed in the streamwise and lateral directions. In view of this, we choose new similarity variables that are normalized by the half length of the pile (see Fig. 3 ), viz.
from which we may deduce 1 8 8 9 8v ' 87) 
Notice that both equations appear in separable form: their righthand sides are each a product of a function of v (and f../" respectively) and a function of time, t. To solve these equations, assume that the granular mass starts initially from a circular paraboloidal shape that in the course of motion deforms into an ellipsoid with parabolic distribution of its height. More specifically, 9 and fare interpreted as the principal semi-axes of the ellipse so that the transformation of the ellipsoidal hump into the (v, p,)-plane by the transformation (4.1 ) maps the elliptical domain into the interior of a fixed circle with unit radius (see Fig. 3 ). Assuming, therefore, (4.7)
yields
If Ho(t) were to be known, then these equations would form two second-order ordinary differential equations for get) and f(t), respectively. From the conservation of mass or volume, we can obtain this missing piece of information. Indeed, the total volume V is preserved:
With the initial volume V being prescribed, we thus have
The temporal evolution of the height is thus known, once f and 9 are determined. The differential equations for these follow from Equations (4.8) and (4.9), when Ho, as determined from Equations (4.10) and h are employed:
There remains the corroboration that with the representations (4.3) the local mass balance in Equation (4.4)1 is identically satisfied. This demonstration is routine and will be left to the reader. In summary, we must solve Equations (3.21)12 for the motion of the centre of mass together with Eq~ations (4.12) for the longitudinal and transverse spreading rates. The integration of these equations must be performed with initial conditions iLc(t = 0) = u~ , (4.13) 
In writing down these equations, we have also used the relation V = h7r fg. Furthermore, the coefficients B, C and D are defined in Equations (2.17) . We note the following properties of the system (4.14):
(i) Without the viscous sliding term (S -+ 00), the motion of the centre of mass of the pile decouples from that of the deformation.
(ii) There can never be a rigid-body motion (for which 9 and f are constant) even for finite S. This follows from Equations (4.14)4,6' A rigid-body motion 
RESULTS
In the construction of similarity solutions, it was assumed that fi ~ 0 everywhere within the moving pile. At early times, in a motion starting from rest (fic = 0 : no centre of mass velocity, 10' = 0, 90' = 0: neither sidewise nor longitudinal initial spreading), this condition could be violated unless 9' < fie . In view of Equations (4.16) and . Figure 6 , which shows temporal evolutions of g(t) and f(t) for ( = 60° (left panels) and ( = 40° (right panels) indicates this very clearly. Depending on the value of the slope angle ( and the aspect ratios Ex, E xy , a granular pile developing from a circular shape will develop into an ellipse whose major semi-axis is either in the longitudinal (regular case ) or trans verse
One distinctive feature of the phase diagrams not exhibited when ..18 = 0 and := = 0 is the fact that the trajectories g(g') and 1(1') " bend towards the ordinate".
Thus, g' and!, reach an absolute maximum whose value
1.0~----~=:::::--- EXIl = 0.5), the spreading is primarily in the transverse direction and actual ratios quickly reach small values. So, whereas in these instances the prerequisites of the model equations are not satisfied initially, the evolution is such that they are more and more fulfilled in the course of motion.
Similar qualitative behaviour is also seen in smaller (larger) will the longitudinal (transverse) spreading become. Moreover, the aspect ratios have again a significant influence on the spreading rates. When Exy = 1, longitudinal spreading is clearly larger than sidewise spreading; when Exy = 0.5, this is not necessarily so as can be clearly inferred from the lower two panels in Figure 9 . Not surprising is also the fact that the spreading generally decreases with increasing slope angle.
Of particular interest is the quantitative analysis of the similarity solution to the granular-avalanche problem when, first the bed-friction angle is varied from the front to the rear end of the moving pile or, secondly, the Voellmy drag coefficient is changed. Figures 10 and 11 collect results in this regard . In the left panels of Figure 10 the 9 and f trajectories are shown where the Voellmy coefficient 5 is held constant (-= = 10), but Ll8 = 8front -8 rear is varied between 0° and 20°. It is seen that both longitudinal and sidewise spreadings are somewhat affected, but that the qualitative behaviour is unchanged. The trajectories bend over towards the ordinate axis.
Generally, the smaller Ll8 is the less will the longitudinal spreading be inhibited. The sidewise behaviour is opposite but less pronounced.
Quite contrary to this behaviour of the moving and deforming granular pile is its response to variations in the Voellmy parameter E (right panels in Figure 10 ). Both, the longitudinal and the transverse spreadings are affected by the amount of viscous-type friction; however, the influence to the sidewise spreading is less dramatic. The computations for the graphs in Figure 10 have been done for Ex = 0.5 and Exy = 1. For smaller values of Ex (but Exy = 1) , these effects are less pronounced, but for larger values they are enhanced. Similarly, a decrease of EX1J enhances these effects. This can be seen, in parts in Figure 11 , which shows the temporal evolutions of the semi-spreads for several values of ,,18 (left panels) and -= (right panels) and value (EX, EXY) = (0.5,1) (top) and (Ex,Exy) = (0.5,0.5) (bottom) . An increase in ,,18, which corresponds to a more efficient ploughing, hinders a spreading though not dramatically.
A variation of 5 (by several powers) affects the spreading, both longitudinally and transversely, in a considerable manner. This behaviour is understandable, if one considers the governing differential Equations (4.14). The Voellmy term affects the spreadings in Equations (4,14h46 and its influence becomes vanishingly small when S' ...... 00. In Figure 11 (right panels) the role played by the Voellmy drag on the evolution of the spreadings g(t) and f(t) is very clearly seen.
As can be surmized from the dependence of the equations of motion on E, there must also be a strong dependence of the centre of mass motion on the Voellmy coefficient. Figure 12 provides evidence for this. In the top two panels, the centre of mass position, Xc, in the lower panels the centre of mass velocity, u c , (both dimensionless) are plotted against dimensionless time, t, for various values of the parameter E. For very large 5 values (5) 1000), the centre of mass velocity is essentially linear in time and its position grows quadratically. These results are an important corroboration of our earlier calculations which were performed without the Voellmy term. With growing viscosity (decreasing -= values), the growth of the centre of mass velocity is more and more reduced. The velocity can even go through an absolute maximum and decrease afterwards, so that a decelerating motion of the centre of mass is possible, in principle. The fact that the graphs for EX1J = 1 and EXll = 0.5 hardly differ is an indication that the centre of mass motion is only little affected by the amount of spreading. On the other hand, that the amount of spreading crucially depends on both the dry and viscous drag behaviours, demonstrates the supenonty of the present model over the classical avalanche models due to Voellmy, Salm and others.
CLOSING REMARKS
In this paper, we have been concerned with the motion of a finite mass of a granular material down an inclined plane that is released from rest and may freely spread in the longitudinal and transverse directions as it moves down its track. The granular mass was treated as a cohesionless Coulomb-like continuum with a basal friction law in which the shear traction is additively composed of a Coulomb-like drag and a viscous drag proportional to the squared velocity. We believe that such a model is a valid one for the study of the dynamics of flow avalanches for the following reasons: the common mass point or hydraulic models that are used incorporate physically essentially the same complexity as this one, except that this one allows for the variation of the frictional drag within the avalanche. Mathematically or geometrically, this model has greater flexibility, as it permits a longitudinal and a sidewise spreading, both of which are not present in the Voellmy, Salm, PerIa, etc. models. Thus, this model is more general than the former, yet incorporates essentially the same physics. We used the depth-averaged equations of Hutter and others (in press b). These equations are scaled, and dimensionless spatially two-dimensional evolution equations are derived for the distribution of the avalanche depth and depth averages of the velocity field of which analytical solutions are not likely to be found. In an approximate treatment, however, at least semi-analytical solutions were determined. To find these solutions, the motion was split into the motion of the centre of gravity of the pile plus a deformation from it. Such a decomposition 370 cannot be achieved without additional ad hoc assumptions. The semi-analytical solutions are the so-called similarity solutions, and they enjoy the property of preserving the shape. For their existence, the granular avalanche must start from an initial shape in the form of an elliptical or circular paraboloid, and this shape will be preserved during the motion, and only its aspect ratio will change. For the existence of such similarity solutions, however, additional mild assumptions are needed: the earth-pressure coefficient must be assumed to be constant and the sidewise variation of the bed-friction angle must be ignored. Moreover, the construction of the similarity solutions is based on the formal separation of the evolution equations into one set governing the motion of the centre of mass and another governing the deformation. In general, this separation is not possible; however, with the approximations incorporated, two equation sets are obtained which are integrable. We explicitly listed the restrictions to make the reader aware about the limitations of these solutions.
The physical parameters that govern the model are the slope angle (, the initial depth to length ratio of the pile, fx, the ratio of the width to the length, fxy, necessarily of order unity, the internal angle of friction rP, the basal-friction angle 6 and the drag coefficient of the viscous sliding law E, called the Voellmy parameter. The effect of these parameters on the spreading rate of the granular pile that develops from a circular paraboloid led to resul~ which may be summarized as follows:
(i) For the two-dimensional spreading, there exists no rigid-body motion, i.e. the length and width of the elliptical pile will always vary in time, no matter what the values of the bed-friction angle and the coefficient of viscous drag are. (ii) As an immediate consequence of the above statement, there can be no steady motion of the centre of mass of the granular pile. However, for values of the dimensionless viscous-drag coeffic-ient S < 10 3 the centre of mass motion is greatly affected by the value of S. The motion can be accelerating or decelerating, or oscillate between the two. (iii) The geometry of the pile depends on both the variation of the bed-friction angle with position (linear variations of tan 8 in the long direction were studied) as well as on the value of the viscousdrag coefficient. However, the aspect ratio of the moving pile is influenced more by the latter than by the former.
In which way are these solutions useful to the avalanche dynamicist? First, they are capable of providing physical insight into the behaviour of a deforming finite mass of snow, in a way previous models did not. For small aspect ratios /Ox and €Y' the model indicates small deformation. Under such conditions, a rigid-body assumption for the motion of a finite mass of snow does not seem to be too drastic a simplification. On the other hand, viscous sliding affects the deformation (spreading) considerably while ploughing does less. These inferences are qualitative and provide physical insight. Secondly, this model could be used in actual computations along curved avalanche paths to predict deposition and its areal extent. While such a procedure will certainly be useful, we do not believe it to be accurate. In fact, laboratory experiments on the motion of a finite mass of a cohesionless granular material down an inclined plane show that similarity solutions are not reproduced. Plan views of moving granular avalanches that develop from a circular geometry rather develop into tear-drop shapes and along curved beds the shapes are even more complicated. One may therefore think that our solutions are of little use. We do not think so, as our solutions provide physical insight into the basic mechanisms of the motion and spreading of a gran ular pile; the model does have diagnostic value. For a prognostic use of the governing equations, however, integration from more general initial configurations are needed. Such studies are under way.
